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What the thesis is about

Control as Inference (Cal)

state estimation entropy-regularized RL
Kalman filter, RSSM SAC, MPO, TRPO/PPO

N/

variational inference

Cal information geometry

Bayes vs. ELBO on a bandit

Bayes’ rule
p(O | @) mo(a)

m(a) =p(a| O) = 20)

same 7" if  is free,
an approximation in a family

ELBO: free-energy minimization
min KL (7 || mg) — Ex [logp(O | a)]
™

p(O | a) o e""(?): ELBO = KL-regularized return, posterior = softmax policy

Levine (2018); Neu, Jonsson & Gémez (2017).

Cal is not always an MDP
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Three horizons in one visitation measure

¢ 000 =000 ¢ -0-0-0

episode discounting survival
reset after T’ resetw.p. 1 — 7y resetw.p. 1 —yo(s,a)

— 4

min, ey ['(v)

reset sets the horizon, I the objective

o0
0 _ t pm — —
v(s,a) = (1=7)) P (sy =5, 0= a)
t=0
Inspired by stochastic resetting, Evans, Majumdar & Schehr (2020), and PageRank as policy evaluation, Avrachenkov, Gregoris & Litvak (2026).
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Three relaxations of the MDP

Standard Chapter 1 Chapter 2 Chapter 3

Reward maximization Survival Constrained Nonlinear

concave utility:

linear objective: survival occupancy: restricted set: barrier .
. . . mirror descent to an
optimum at a vertex mass leaks by hazard keeps iterates feasible . . .
interior optimum
Horizon: hazards end the Prior: constraints shape the Likelihood: free energies, not
episode (Ch. 1) geometry (Ch. 2) rewards (Ch. 3)
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Ch. 1: constraints as a survival process

—— Survival Lagrangian —— Lagrangian —— State-wise Lagrangian

P01 —m =03

test return test violation-free share

test cost / episode

cum. training violations

T2

T1
S0

T3

PointPush1

025

094

06

03

RacecarC

[ [ 0

transitions (M) transitions (M) transitions (M) transitions (M)

Milosevic & Franz et al. (2026), Stochastic Decision Horizons for Constrained RL.
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Ch. 2: constraints shape the geometry

Cost (RacecarCircle)

Reward (RacecarCircle)
30
60

1QM Score
s 8

1 [ 8 10

Env. Steps (millions) Env. Steps (millions)

Milosevic, Miiller & Scherf (2025): C-TRPO (ICML) and C3PO (EXAIT workshop); Milosevic & Scherf (2025).
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Ch. 3: Model-Based Cal with
General Utilities

Active Inference and Kalman Duality



An agent lives on a history process

® now
4
L
0o ap 01 cee O At VOt41"Gt+1"0t42
1
ot —
past: observed future: imagined
perception explains it action chooses it
PERCEPTION ACTION
fit a world model to the observed past plan in it over the imagined future
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An agent that learns a model and plansin it

Sutton (1991); Sutton & Barto (2018).
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01 / CHAPTER 3

World models in practice: DreamerV3

(a) World Model Learning (b) Actor Critic Learning

perception: an evidence bound for the model - action: an entropy-regularized actor

two losses, not derived from one objective
Hafner et al. (2023), Fig. 3.
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01 / CHAPTER 3

Kalman’s duality is time reversal

t— —t

past: filter, forward in time future: regulator, backward in time
Past: K'ﬂman filter, belief N'(8, ) on the hidden state Future: regulator, cost-to-go Ji (s) = sTSes + et
3, , X} : covariance before / after ot St, St: value Hessian before / after improving at a¢

mirror cells: ¥ 7, «» Sy, ¥, |« S,

Kalman (1960); Todorov (2008): beyond Gaussians only if the controller picks transitions.
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THE PUZZLE OF CH. 3: WHAT IS THE DUALITY OF PERCEPTION AND ACTION?

Kalman filter and LQR are dual.
Is perception the mirror image of action,
or only in linear—Gaussian problems?



01 / CHAPTER 3

One free energy for perception and action

A
True POMDP
Fit data
World Model |[«———————
min, q F(g;p, D) —O/O/Q_’
Simulate
Ewiy1 = pwe Deploy
w=moq
Latent MDP
e Plan )
o7 a ——— > LatentPolicy
= e min, G(m;p)

J=F+G

Milosevic, Hinrichs & Scherf (2026), Active Inference as a Convex MDP.
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01 / CHAPTER 3

Where does the bound put its density?

variational posterior of the future: the imagined Markov process

d(7) = p(so) [ [ me(as | s) p(ses | s6,a0), G(st) = v (se)

Mismatched No More

one density on the whole path ¢(7)

[CROmOR0)

dynamics factors cancel

linear: a KL-regularized MDP

Active inference
a density per step G(s;)

no dynamics factor in the target

nonlinear: a convex MDP
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01 / CHAPTER 3

The nonlinearity is a mutual information

EXPECTED FREE ENERGY (risk 4+ ambiguity, Da Costa et al. 2020)

Z E(s,a)~r [logvf (s,a) —logp(s,a)] + Esmvr Eonp(ofs) [—logp(o]s)]

risk ambiguity

Z ( logp(9 a)} + Eswugr IEorv]z)(o|s) [ - Ing(O ’ S)}

t linear in v/

[ T )
+ E(s.u)wz/,‘"‘ L log Vi (s, (I,” )
nonlinear

Da Costa et al. (2020), Eq. (13), with state—action preferences, in thesis notation; parameter learning omitted.

The Duality of Perception and Action in Brains, Minds, and Machines 14 /22



01 / CHAPTER 3

Mirror Descent on )/: each step is a soft MDP

* * * *
n n
o o o o o
* * * -
MDAIF AP 75 00C)
B o

w B o Ar 7o
° o oMy
J T -,

N

convex MDP = a sequence of soft MDPs: reward 1, = —VT'(wy), KL to g

Milosevic, Hinrichs & Scherf (2026); Hazan et al. (2019); Zahavy et al. (2021); Moreno et al. (2024); Lu, Freund & Nesterov (2018).
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02 / SPECULATION

Kalman duality in POMDPs?

t— —t

iy Juo f—] w1 v ] 2 ] -
0_1 ‘ ay az

o_o
now
past: exponential-family filter, forward in time future: log-linear policy, backward in time
; 9T (s) ; ; i 0" ¢(s,a)
Past: belief g(s) o< e on the hidden state Future: policy m(a | ) o e ’
m ™ : predicted moments, before oy we: Qe(s,a) = ’wj ¢(s, a), the soft Q-function
91 natural parameters, after ot vg: Vi(s) = v] 9(s), the soft value

the steps mirror, the objects do not: equal recursions only for Gaussians
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02 / SPECULATION

Perception and control, algorithmically dual

Perception Control

exponential step measurement (Bayes’ rule) policy improvement
mixture step prediction backup through the model

direction forward in time backward in time

the same mirror step on two information manifolds

Milosevic et al. (2026), The Dually Flat Geometry of Planning as Inference.

The Duality of Perception and Action in Brains, Minds, and Machines 17/ 22



02 / SPECULATION

MPO: The E-step is a posterior

E-step  prior 7y, likelihood €9

w-step  trivial if the family is closed

Abdolmaleki et al. (2018); Minka (2001).

q x me"?

. M-step
S aming KL(q || )
\

s
= {me}
closure: the Gibbs
posterior stays

in the family

Tk
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02 / SPECULATION

A TRPO-style surrogate advantage bound

D) < Do) — Ax(r) + (L + 202 D)
curvature of the objective + curvature of the policy-occupancy map
a planner with a model pays only L

Kakade & Langford (2002); Schulman et al. (2015); Achiam et al. (2017).
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02 / SPECULATION

Proof of principle: PROBE

Closer to the theory: slower start, higher late success

masked Balance: 7 = 1
; == REINFORCE, no bonus === MPO + bonus
—— REINFORCE + bonus = MPO + bonus, target occupancy, slow refit
100% -
°
e
2 75%-
S
3
M
2 509
T 50%-
2
a
5
s 25%-
g
3
observed = 0%
0= (cos 0, sin 0) start 0 50k 100k 150k 200k 250k 300k

environment steps
preaMER kNN state entropy on the latent, actor in imagination

CLOSER TO THEORY ~MPO actor, kNN reward on the target occupancy, slow model refit (preliminary)
Ashlag et al. (2026), PROBE; Hafner et al. (2023); Abdolmaleki et al. (2018).
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02 / SPECULATION

What would a brain compute?

agent—environment interface DOPAMINE
ol g ) - prediction errors of a utility,
- not of a reward

CORTEX

perception manifold vs. control

action

manifold:
N L which map ties them?

Friston (2010); Parr, Da Costa & Friston (2020); Schultz (1997); Stauffer et al. (2014); Doya (2021); Kataoka & Doya (2026).
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03 / OPEN QUESTIONS

Open questions

1 Is the duality structural or only algorithmic? Does it have real consequences?
2 When do nonlinear objectives pay off: exploration, robustness, safety?

3 Is the policy-dependence a real obstacle for model-based Cal?
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THANK YOU

Questions?

nmilosevic@cbs.mpg.de



A / BACKUP

Backup: the LQG control problem

Linear—Gaussian world model, s; € R", a; € RP, stage cost £(s,a) = s' Ms + a' Ra:
T—1

min J(m) =E, [Z O(st,ar) + S}MTST}
t=0
subjectto sy = As; + Bay + wy, wy ~ N (0, W),
or = Csy + vy, ’UtNN(O,N),
at ~ (- | 00:t), t=20,...,T—1,

S0 Nﬂ:N(O,EQ),

M »>0,R>0,W > 0,N > 0,independent noises. LQR: a; ~ (- | s;), no emission.

Thesis Ch. 3, the LQG example.
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A / BACKUP

Backup: the Riccati recursion splits like the
Kalman filter

(E:*‘)—-l = (23—-)-—1 + (:;r]\[—-l(j E;;—l — E;i;}l + lg]z——llgT

measurement minimize over a

S =ASFAT+ W S =M+ ATSA

prediction backup

A AT,Co B, W<+ M,N < RY, < 8,57, | <5
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A / BACKUP

Backup: the closed-family control problem

Features /() on states and ¢ (s, a) on state—action pairs:

T-1
min  E, [Z U(sy, at)] + 0 VKL (7 || mret) €= (w®)"¢  linearin ¢
t=0
subject o Stp1 p( | st,at), E[w(8t+1) | St, at] = P¢(8t, at) kernel closure
or ~p(- | 50), p(o] s) ox e’V conjugare
ay ~ 7o, (- | St), Ty X 69T¢7 log Zy € spanty partition closure
A A 9L
50 ~ [l fi o< e’

LQG: v, ¢ quadratic, ¢ = s' Ms + a" Ra; the KL vanishes as 7 — 00.

Thesis Ch. 3, closed families (closure assumption).
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A / BACKUP

Backup: the split beyond Gaussians

Perception: belief g;(s) o< eVt ¥(s) Control: policy mg, (a | 8) o efi 9(s9)
I =0, + Vg(or) 0! =07 + nuwy
measurement improvement
m1€_+1 =P¢& wy = wl’; + PTUH_l
prediction backup

m = E4[¢], & = E[¢(s, ar)], conjugate likelihood p(o | s) Pe(0) ¥(s)

Zoy4nwy
Zef,
P« PT replaces A <+ A";without closure, both sides project (moment matching)

kernel closure P1) = P¢, partition closure V; = ! log = P
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A / BACKUP

Backup: the general duality is algorithmic

Perception Control
exponential step  belief: ¥ = 9, + 94(0z) policy: 051 = 0F 4w,
prior X likelihood T X €9
mixture step moments forward: m;; = P§;  values backward: wy = wy + PTogyq

mixture steps are adjoint: (vg41, P&) = (PTvs11,&)  (ameasure paired with a function)

exponential steps add natural parameters, but of different objects: a belief and a policy

Gaussians only: the Legendre map inverts a matrix, so both recursions become the same

equations (Kalman).
Kalman (1960); Todorov (2008).
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A / BACKUP

Backup: LQG is a special case

closed family LQG,z = (s; a)
features P(s), ¢(s,a) quadraticin s, in 2
reward r=(w")"¢ —(s"Ms +a" Ra)
kernel closure Py =Pop linear—Gaussian p maps quadratics to quadratics
partition closure  log Zg = v" 4 completing the square, O,, < 0
backup wy=wl +PTor Hy= (Y %) +[AB]"S11]A B
improvement 9,{“+1 = Hf + nwy T = 2nHy qq, gain K; = Ht_,alaHt,as

linear cost: s' M's + a' Ra = tr (diag(M, R) za") = (diag(M, R), ¢(s, a))

Thesis Ch. 3, closed families; Wu et al. (2025).
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A / BACKUP

Backup: Mismatched No More in our KL form

Trajectory law ¢ under the learned model p, target p, under the environment P:

~oq~(7): - s,a - s,a || 7T —(r, 1
Ba[log "] ;(EWKL@( |6 1P| 9,0)) + Fu KL mer) — b )

Dynamics factors cancel up to the model term: a KL-regularized MDP. The paper states its bound
with discounting, one policy in both laws and (1 — 7) log r.

Eysenbach et al. (2022), Eq. (2)—(3), Thm. 3.1.
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A / BACKUP

Backup: the mutual information, step by step
EXPECTED FREE ENERGY, REORDERED

G(r) =Y (Eu[ - log(s,a)] + B, Hp(o| )] — H(w))

t linear

SPLIT THE ENTROPY: POLICY, THEN STATE

H(v) = Eswu{f‘l[ﬂt(' | S)] + (Hp,vi—1) + 1, (545 si—1,a1—-1)

soft-RL entropy linearin v mutual information
chain rule for s; ~ p(- | s¢—1,a¢—1), Hp(s,a) =H[p(- | s,a)]

G(m) =linearin v — soft-RL entropy — Y, Iy, , (S¢; St—1,a-1)
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A / BACKUP

Backup: one mirror step is one soft-DP pass

MIRROR STEP linearize I" atw®, add the KL to the current policy
T-1
min 3 ((VeP@"), F ) + 77" Bonog KL (e | 9) 175 | 9)))
t=0

soFT mop  local reward r* := —VI'(w"), reference policy 7", temperature !, on the imagined process §
BACKWARD PASS Vi 1= 0, Q¢(s,a) = 7§ (s,a) + Ey/p(js,a) Vit1(s')

_ Gibb = s,a
Vi(s) = max {anm [Qt(s,a)] —n "KL (ﬂ't Hﬂ'f)} = llog]EaNrf(“)e"Qt( )

mt(+|s)
7l (a | s) = 7F(a | s) eM(Rt(2)=V2(s))  the Gibbs posterior of the current policy

linear I': ¥ fixed, one pass - EFE: VI moves with w”, repeat the pass

Thesis Ch. 3, planning by mirror descent.
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A / BACKUP

Backup: certainty equivalence is block-wise
free-energy minimization

LQG: a; = fKtLQR§t‘t
= retrospective block — Kalman posterior ¢ = N (8, X)
® prospective block — regulator 7(a | s) = 0(a + K's)
® deployed @ = 7 o ¢: mean — K § (the CE controller), extra cost tr(H, KX K )

B separation makes the block-wise minimization exact
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A / BACKUP

Backup: episodes are stationary on the clock
chain

States (s, t), reset after step T' — 1: aresetting kernel with p(s,t,a) = 1{t =T — 1}.
" weQ <= w/T € ker K: the step-wise polytope is a visitation polytope

B soft backward pass = soft average-reward Bellman equation in the gauge Vp = 0,
gain = (f1, Vo) /T

® horizon only as the policy-independent normalization 1 /7T
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A / BACKUP

Backup: the fixed point of the clean loop

Well-specified tabular model, exact recognition, population refit, coverage;
I'y={,w)+ > wlogw:
B every full-support policy refits perye

® unique interior fixed point (7, Pirue)
" Dy (wrllw®) < (1 - ﬁ)kD\p (w*]|w?), independent of A
With finite data the refit is performative; Banach needs small sensitivity (Mandal et al. 2023).
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